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A generalized maximal abelian gauge in SU(3) lattice gauge theory ∗
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We introduce a generalized Maximum Abelian Gauge (MAG). We work with this new gauge on 124 lattices
for β = 5.7, 5.8 and 164 lattices for β = 5.9, 6.0. We also introduce a form of abelian projection related to the
generalized MAG. We measure U(1) × U(1) wilson loops and single color magnetic current densities.
Abelian dominance is the idea that the con-
fining physics of an SU(N) gauge theory can be
explained by the U(1)N−1 degrees of freedom. In
lattice gauge theory, this is tested by taking link
variables with values in the group SU(N) and
projecting them onto the U(1)N−1 subgroup. In
general, some sort of gauge-fixing procedure is
used first. The most commonly used gauge is the
maximum abelian gauge (MAG). Gauge-fixing to
this gauge can be thought of as maximizing the
diagonal components of the SU(N) matrix, per-
haps squeezing as much physics as possible into
the abelian degrees of freedom.
To date, most of the work on the MAG has been
done in SU(2) LGT. Here the lattice functional
that is maximized can be expressed
Gsu2mag =
1
2Nl
∑
x,µ
Tr
[
U †µ(x)σ3Uµ(x)σ3
]
, (1)
where Nl is the number of lattice links. After
sweeping over the lattice performing gauge trans-
formations many times, the gauge-fixed SU(2)
link variables are projected onto the U(1) sub-
group and calculations of observables are car-
ried out as in U(1) gauge theory. The projected
configurations typically give values of the string
tension that are about 10% higher than the full
SU(2) value at one gauge copy per configuration.
These values come down the SU(2) value when
Gribov effects are taken into account.
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The MAG in SU(3) is constructed similarly to
SU(2). We expect the physics to be similar for
both of these theories, but the SU(3) structure is
more complicated. The simplest MAG functional
may now be expressed as
Gsu3mag =
1
4Nl
{∑
x,µ
Tr
[
U †µ(x)λ3Uµ(x)λ3
]
+
∑
x,µ
Tr
[
U †µ(x)λ8Uµ(x)λ8
]}
. (2)
It has been found that this form of the MAG in
SU(3) gives string tensions about 10% lower than
the full SU(2) value. This discrepancy increases
when Gribov effects are taken into account [1].
We begin our construction of a new MAG func-
tional by noting that the SU(2) MAG functional
can be expressed as the gauge field coupled to an
adjoint Higgs field rotated to the σ3 direction. An
equivalent SU(3) functional would have the Higgs
field rotated so as to take values in the Cartan
subalgebra of SU(3). The functional from Eq.(2)
can not be duplicated with a single Higgs field,
but can be recreated using two or more Higgs
fields.
1. Generalized Maximal Abelian Gauge
On the lattice, our new functional will take the
form
Gsu3higgs =
1
NhNl
∑
i,x,µ
Tr
[
U †µ(x)ΦiUµ(x)Φi
]
(3)
2where the Higgs fields are
Φi =
1√
2
[λ3cosχi + λ8sinχi] , (4)
and Nh is the number of Higgs fields. In this
equation, we could allow the value of χi to be site-
dependent [3]. Here, we will deal with the case of
constant Higgs fields. If we have two fixed Higgs
field, with χ1 = 0
o and χ2 = 90
o we get back the
simple MAG with functional given by Eq.(2).
The gauge-fixing procedure consists of maxi-
mizing this functional on a site-by-site basis, one
SU(2) subgroup at a time. This can be done an-
alytically. Overrelaxation was used to speed up
convergence [2]. For fixed χ, an overrelaxation
parameter ω = 1.85 was used.
2. Abelian Projection
The act of projection is another instance in
which the SU(3) case has substantial complica-
tions that do not arise in SU(2). In SU(2), the
diagonal elements are complex conjugates of one
another. Taking the phase and using it as a U(1)
variable is a straightforward process.
For SU(3) case, simply taking the phases of the
diagonal entries does not give a U(1)×U(1) ma-
trix. Here, we have used an “optimal” method
[4]. For the simple MAG of Eq. (2), this method
finds U ′, the element of U(1) × U(1) that maxi-
mizes the quantity
Re
(
Tr
[
U ′D†µ(x)
])
, (5)
where Dµ(x) is the diagonal component of the
original SU(3) matrix.
The generalized MAG suggests a generalized
form of projection that takes into account the
Higgs field we used for gauge-fixing. We now find
U ′ that maximizes the quanitity∑
i
Re
(
Tr
[
Φi(x)U
′Φi(x+ µˆ)D
†
µ(x)
])
. (6)
We note that for the case of the simple MAG
this is the same as the optimal method used pre-
viously. As long as the Higgs fields are constant
this just amounts to a rescaling of the of the com-
ponents of Dµ(x). It also demonstrates the im-
portance of the method of projection used in the
variable Higgs case.
For the case of constant Higgs fields, it is useful
to talk of the functional
Pφ =
1
NhNl
∑
i,x,µ
Re
(
Tr
[
Φ2iU
′(x)D†µ(x)
])
. (7)
as an indication of how far we have to project to
get to the abelian submanifold.
3. Magnetic Currents
Magnetic currents are extracted for each SU(3)
color by applying the Toussaint DeGrand proce-
dure to the U(1)×U(1) links. This produces three
magnetic currents. After extracting the magnetic
currents, monopole Wilson loops are calculated
for each color. This part of the calculation pro-
ceeds exactly as in U(1) or SU(2) lattice gauge
theory [5,6].
4. Results
We gauge-fixed 40 configurations on 124 lat-
tices for each of β = 5.7, 5.8. We also gauge-fixed
20 configurations on 164 lattices with β = 5.9, 6.0.
A stopping condition similar to that used in [1].
The value of the projection functional Pφ, the
U(1) × U(1) 3-2 Creutz ratio, and the fractions
of links with single color magnetic current are
given in Tables 1 and 2. The Creutz ratios
may be compared to the full SU(3) string ten-
sions 0.168(1), 0.109(1), 0.073(1), 0.054(1) for
β = 5.7, 5.8, 5.9, 6.0 respectively [7].
Our principle observation is that with two fixed
Higgs fields, there are two broad classes of gauges
that result. MAG-like gauges result when the
Higgs fields are separated by an unbroken SU(2)
symmetry, that is by a λ8-like Higgs field. An ex-
ample of an MAG-like gauge would be χ1 = 15
o,
χ2 = 45
o. MAG-like gauges are characterized by a
high value for the functional Pφ and roughly equal
color distribution for magnetic currents. Higgs-
like gauges, so named because they include the
case of a single Higgs field, occur when the χ’s
are not so separated. An example of such a gauge
would be χ1 = −15o, χ2 = 15o. They are charac-
terized by a range of lower Pφ values and and an
asymmetric distribution of magnetic current. It
should be noted that values for the string tension
3Table 1
124 results for β = 5.7, β = 5.8.
β = 5.7 β = 5.8
χ1 χ2 Pφ C(3, 2) f1 f2 f3 χ1 χ2 Pφ C(3, 2) f1 f2 f3
0o 90o 0.885 0.169(13) 0.040 0.040 0.040 0o 90o 0.892 0.118(11) 0.023 0.023 0.023
0o 60o 0.886 0.173(13) 0.038 0.043 0.043 0o 60o 0.892 0.120(12) 0.022 0.025 0.025
15o 45o 0.886 0.179(15) 0.040 0.047 0.047 15o 45o 0.893 0.123(13) 0.023 0.027 0.027
−15o 15o 0.883 0.189(17) 0.047 0.047 0.081 −15o 15o 0.890 0.136(11) 0.029 0.030 0.053
15o 15o 0.872 0.181(15) 0.043 0.101 0.134 15o 15o 0.879 0.133(12) 0.026 0.080 0.102
0o 0o 0.881 0.203(13) 0.055 0.055 0.099 0o 0o 0.888 0.147(13) 0.036 0.036 0.067
Table 2
164 results for β = 5.9, β = 6.0.
β = 5.9 β = 6.0
χ1 χ2 Pφ C(3, 2) f1 f2 f3 χ1 χ2 Pφ C(3, 2) f1 f2 f3
0o 90o 0.898 0.084(07) 0.012 0.012 0.012 0o 90o 0.903 0.066(06) 0.008 0.007 0.007
0o 60o 0.898 0.087(07) 0.012 0.014 0.015 0o 60o 0.903 0.067(06) 0.007 0.008 0.008
15o 45o 0.898 0.087(07) 0.013 0.016 0.015 15o 45o 0.903 0.069(06) 0.008 0.009 0.009
−15o 15o 0.896 0.101(10) 0.018 0.018 0.033 −15o 15o 0.901 0.079(08) 0.011 0.011 0.021
15o 15o 0.885 0.105(08) 0.016 0.064 0.079 15o 15o 0.890 0.088(08) 0.010 0.052 0.062
0o 0o 0.894 0.109(10) 0.023 0.023 0.045 0o 0o 0.899 0.086(10) 0.015 0.016 0.030
as determined by Creutz ratios from those Wilson
Loops were also unequal.
5. Conclusion
TheMAG-type gauges proved to be better than
the Higgs-type gauges, at least in terms of how
much information was maintained in the projec-
tion. All the MAG-type gauges similar Creutz
ratios. One note is that there were MAG-type
gauges that had slightly higher Pφ than the orig-
inal MAG. These gauges also had slightly higher
Creutz ratios.
We expect to gather better statistics on all of
these cases. There is also a lot to be learned about
the variable Higgs case.
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